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TRAIT-DEPENDENT
LOTKA-VOLTERRA DIFFERENTIAL EQUATIONS

FOR k POPULATIONS i = 1,..., k:

POPULATION :: DENSITY n; AND TRAIT z;, €T

COMMUNITY STATE SPACE:
RY ={n=(ny,...,n) ER":p; >0 foralli=1,... k}

k

d .

—n; =mn,; —|—§ a(z, z;)n 1=1,...,k.
j=1

WITH a(z;,z;) = —1 FOR ALLi=1,....k



ADAPTIVE DYNAMICS BUDAPEST JUNE 14 - 18 2004 [.THE L.V FRAMEWORK

TERMINOLOGY:

e INTERACTION MATRIX A(xy,...,xx) =

( -1 a(xy,x9) : : : a(xl,xk)\
a(xg,ry) =1 alxg,x3) . : a(xy, )
\a(x;{;,xl) :a(xk,oxk_l) —.1 )

o R(TF) = {(z1,...,x) € TF . |A(zy, ..., 21)| # 0}:
THE NON-DEGENERATE CASES

D(T*) = {(z1,...,2) € T* . |A(zy, ..., 23)] = 0}:
THE DEGENERATE CASES

LVk<$1, ce ,xk)
REDUCED BY z; | I AUGMENTED BY z;
Lv;g_l(l’l, ey Tk \ .CCZ)
Ai'{;,j = {(xl,...,xk) c Tk - :lej},
THE DIAGONAL HYPERPLANE z; = z;

1
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FITNESS OF MUTANTS’ PHENOTYPE TRAIT y
ON COMMUNITY-DYNAMICAL ATTRACTOR
(x1,...,2%) € R(T"):

W= 1 /T 1 d ) o
= 11m —_— _ =
et \Y T—+4o0 T’ 0 ny(t) dtny

ny=>0

.....

THUS: C-ATTRACTOR (x1,...,2;) € R(T¥)

J
UNIQUE EQUILIBRIUM POINT (ny,...,7;) € RE
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FOR (z1,..., ;) € R(T*):

k

..... r(y) + Z a(ya x’i)ﬁi(ajh s 7xk)

1=1

P

8

—_

S

T

—~

<

~—
I

WITH n; FROM

.....

A STRAIGHTFORWARD RESULT

LET (x1,...,2;) € R(T*) AND 1 € {1,...,k —1}. SUPPOSE
THERE EXISTS A SUBSET OF DISTINCT ELEMENTS
{ir,..., 4y} € {1,...,k} SUCH THAT FOR ALL j = {1,...,1}:
A, (21, ..., x) = 0, AND IN ADDITION
(z1, .., 2 \ T4y, . . ., ;) € R(T*'). THEN THE FOLLOWING
PROPERTIES HOLD:

1. FORALL i € {1,...,k}\ {i1,....4}:

ni(z1, .., xp) = iz, e \ Ty, -0, T);
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FOR (z1,...,73) € T*:

S(:El ..... ?L‘k)(y) =

( —1  a(xy,x9) : : : a(xy, xk) 7“(:1:1)\
a(xy, 1) =1 alwe,x3) . : a(xq, xp) T(T2)
a(xg, 1) : : calrp, ) =1 r(xg)
a(y, 1) : : : : a(y, z) T(Q)/

.....

o LVi(z1,...,2;) ALLOWS FOR A UNIQUE

INTERIOR REST POINT IF AND ONLY IF

‘A(xl,,xk\gjz)‘
Az, ..., 21 S(a1mp\ay) (i) <0

FOR ALL i € {1,...,k}:

THESE INEQUALITIES ARE NECESSARY CONDITIONS FOR
THE EXISTENCE OF C-ATTRACTORS.

1
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IMPLICATION FOR PHENOTYPIC TRAIT EVOLUTION:

FOR INVASION OF (z1,..., ) BY A MUTANT
POPULATION WITH PHENOTYPIC TRAIT VALUE y = 25,1
TO LEAD TO COEXISTENCE ON (z1, ..., zj, Z5s1), THE
FOLLOWING CONDITIONS ARE NECESSARY:

1. SIGN (|A(z1, . .., z1)|) = =SIGN (|A(z1, . . ., z3s1)])
2. FOR ALL i =1,...,k: Blioten\tilg J(2;) < 0.

[A(z1,ap)] © ELe T 1 \ T

THEREFORE:
o(@;) > 0, THEN

SIGN (|A(z1, ..., zr1 \ 7)) = =SIGN (|A(z1, . .., 241))):
5(@;) < 0, THEN

SIGN (|A<I1, ce ey Lk \ l’z)‘) = SIGN (|A(.CC1, ce >$k+1)|)-
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Az, 2)6 )

MATRX OBTAINED FROM THE INTERACTION MATRIX
A(xq,...,xr) BY DELETING ITS ¢-TH ROW AND j-TH
COLUMN.

k>1,1<1<k—1,7,...,5 | DIFFERENT ELEMENTS OF
{1,... k).

e Foralli e {1,....k} \{Jj1,..., 5}

‘A(xla s T \ Ljps e 7xjg)‘s(x1 ..... xk\xz)<xl>_

S(fﬂl>---7fﬂka\fﬂi)<xi> B S(:I;l,...,:l:k\:l;jl,...,:l:jl,:z;z-)<$i>
J 7 PRI
Az, ...,2n)| |Alz, .oz \ 2y, -0, 25,
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L yenesy xk\le ..... ]

S(xl ,,,,, xk)<$k¢+1> B S(:L'l,...,:ck\:l:jl,...,:L'jl)(xk+1)
Az, .. x)] A,z \ 2y, 25,
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ON (z1,...,z;) THERE ARE

k LOCAL FITNESS GRADIENTS:

Di{xy, ..., o) = =50, 2 (Y) s i=1,...,k.

i-ISOCLINE: {(z1,...,2;) € T": Di(zy,...,x;) = 0}

“INVASION IMPLIES FIXATION”:

LET A C-ATTRACTOR (z1,...,z;) BE GIVEN, AND
LET, FOR A CERTAIN i € {1,... . k}: Di{(xy,...,x) >0
(Di(xy,...,z1) <0). THEN A MUTANT
POPULATION WITH TRAIT VALUE y SUCH
THAT y —z; >0 (y — z; <0) AND SUFFICIENTLY
SMALL, CAN INVADE THE C-ATTRACTOR. THE
INVASION WILL CAUSE THE REPLACEMENT OF
POPULATION i BY THE MUTANT POPULATION.
I.E., THE INVADED COMMUNITY WILL
EVENTUALLY RESIDE ON (x1,...,%; 1,Y,Tjt1,...,Tk)-

1
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FACTORIZATION:
k
S(xq,..., xk)<y> — H(ml - y>Z(x1 ..... xk><y>
1=1

.....

GEOMETRICALLY:

THE (EMBEDDED) i-TH ISOCLINE D;(zy,...,2t) =0
IS OBTAINED AS THE INTERSECTION OF THE

SET {(x1,..., %5 xps1) € TV 2 2 oy (wp1) = 0} WITH

Tyeeey

THE DIAGONAL HYPERPLANE 7, = x; IN T*!,

ALSO:
[0 s - swplen) sen(®)
S(M)(xl) 0 S(m)(xkﬁ) 8(1‘2)(y)
S(ag) (1) S<xk>.($2) 0 s@y®)
o gy AT ) ) )
(X150, Tk) ( 0 3(:(;1)(552) S(g;l)(il?]g) 1\
8(372)(1:1) 0 5(41?2)(377%') 1
S(xk)(flil) S(xk)(afg) 0 1
K r(zy) (o) r(zy) 1)
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